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We propose a new protocol for the weak measurement of any observable with remote pre and postselections.
We show that if two parties share a pure entangled state, then by using local operations and classical communi-
cation they can preselect and postselect at distant locations leading to the weak value of an observable as a shift
in the pointer of the apparatus at one location in the process of the weak measurement. This can be achieved
with either sharing of a pure maximally or non-maximally entangled state. We generalize the protocol for real-
izing the weak value of any observable with remote pre and postselection of mixed states. Finally, we show how
the weak value is modified in the remote pre and postselection setting if Alice and Bob share a mixed entangled
state.
Introduction.– The weak measurement has attracted a lot
of attention since its inception. The weak measurement al-
lows us to obtain information without causing a large distur-
bance to the quantum system. By bringing the notion of time-
symmetric feature in quantum formalism [1, 2], it is possible
to have evolution from the past to the future as well as from
the future to the past [3]. Remarkably, it has been shown that
if a quantum system is preselected in the state |ψi〉 and post-
selected in the state |ψf 〉, then the weak measurement of an
operator results in the so called weak value [4–6] which can
be a complex number. Indeed, both the real and the imaginary
parts of the weak value have physical meaning [7]. Also the
standard expectation value of any observable can be decom-
posed in to the average of weak values of the observable [8–
11]. The notion of weak measurement has been generalized
beyond its original formulation [12–17]. After several exper-
imental verifications, it has been realized that the weak value
is indeed useful in a broad area of science and technology.
For example, the weak measurements are used in interrogat-
ing quantum systems in a coherent manner [18, 19], protect-
ing quantum entanglement from decoherence [20], amplifying
small experimental effects [21, 22], resolving Hardy’s para-
dox [23], analyzing tunneling time [24, 25], modifying the
decay law [26] and in Bohmian trajectories [27–30]. Often
it is useful to express certain quantum mechanical quantity of
interest in terms of the weak value in order to understand them
better. As an example, the Pancharatnam geometric phase is
found to be associated with the phase of a complex valued
weak value arising in a particular type of the weak measure-
ment [31] and this representation is then used to study the
nontransitive nature of the relative phase in quantum mechan-
ics. Similarly, in quantum metrology the phase sensitivity of
a quantum measurement is given by the variance of the imag-
inary parts of the weak values of the generators over the dif-
ferent measurement outcomes [32]. In fact, the possibility of
using the wavefunction as a weak value, led Lundeen et al to
measure the wavefunction of single photon directly [33, 34].
In quantum information and quantum communication, en-
tanglement has played a pivotal role starting from quantum
teleportation [35], quantum cryptography [36, 37] to remote
state preparation [38, 39] and many more. In this letter, we
raise an important question: can entanglement help in mea-
suring the weak value of an observable with parties located
at distant labs and preselecting and postselecting at remote
locations? We will show that if Alice and Bob share a pure
entangled state, and if Alice performs a weak measurement of
some observable, then by using local operations and classical
communication Bob can postselect his particle which has an
effect on the pointer of the apparatus at Alice’s lab leading to
a shift by an amount equal to the weak value of the observ-
able. Thus, by postselecting a remote particle that has not
interacted with the initial system and apparatus, gives rise to
a shift in the pointer of the measuring apparatus at a remote
location. This is a completely counter intuitive effect with no
classical analog. This we will prove for general observable.
We give a proof for qubit system, but the result can be gener-
alized to higher dimensional Hilbert spaces. More generally,
we will show that the weak value of any observable for pre
and postselected density operator can be realized with remote
pre and postselections if Alice and Bob share a pure entangled
state. Thus, our protocol provides access to directly measure
the weak value of any observable at one location having con-
trol over postselection at a distant location. Furthermore, we
show that if Alice and Bob share a mixed entangled state, then
remote postselection leads to a quantity that is an admixture
of the weak value and the average value. We argue that pure
state entanglement is sufficient for realizing a weak value with
remote pre and postselections.
Weak value with remote postselection.– Let us imagine that
Alice and Bob are at two different locations and they share a
maximally entangled state |ψ−〉23. Alice has a quantum sys-
tem prepared in the state |ψi〉1. She would like to perform a
weak measurement on her particle and measure a weak value
of an observable A. Now consider the composite system in
the initial state given by
|Ψin〉123 = |ψi〉1 ⊗ |ψ−〉23, (1)
where |ψi〉 = α|0〉+β|1〉 is initial state of the qubit and |ψ−〉
is the standard singlet state which is also one of the elements
of the Bell basis. One can imagine that this is the preselected
state for the tripartite system, where particles 12 and 3 are at
remote locations. Now Alice chooses an observable to make
2a weak measurement. The weak measurement can be realized
using the interaction between the system and the measurement
apparatus which is governed by the interaction Hamiltonian
Hint = gδ(t− t0)A⊗ Pa, (2)
where g is the strength of the interaction and it is assumed
that the interaction is instantaneous. For sufficiently large g,
this becomes the usual von Neumann measurement [40]. The
operatorA is a Hermitian observable of the system to be mea-
sured and P is an observable of the apparatus with a conjugate
observableQwhich works as a pointer. In the spectral decom-
position, we have A =
∑
n an|an〉〈an|. Let the initial state
of the apparatus be |Φ〉a. Under the action of the interaction
Hamiltonian, the system and apparatus evolve as
|ψi〉1 ⊗ |Φ〉a ⊗ |ψ−〉23
→ e− i~ gA⊗Pa |ψi〉1 ⊗ |Φ〉a ⊗ |ψ−〉23. (3)
After the system and apparatus interaction, Alice and Bob per-
form local projections using the normal strong measurement.
The remote postselected state for 12 and 3 is given by
|Ψfin〉 = |ψ−〉12 ⊗ |ψf 〉3. (4)
This can be achieved by local operations and classical com-
munication. For example, Alice makes a Bell state measure-
ment on particles 12. Even though she can get four possible
outcomes, she is interested only for the outcome |ψ−〉 [41].
She can communicate her measurement outcome over a clas-
sical channel to Bob, who can perform a projective measure-
ment on the particle 3 in the state |ψf 〉. If Bob succeeds in the
postselection, he communicates over a classical channel to Al-
ice. This we call postselection at remote location. After the
weak measurement, the shift in the pointer of the apparatus is
given by the weak value of the observable
f 〈A〉iw = 〈Ψfin|A|Ψin〉〈Ψfin|Ψin〉 . (5)
Note that the weak value of A in the tripartite pre and posts-
elected states is actually the weak value for A ⊗ I ⊗ I . But
for simplicity we write this as f 〈A〉iw. We will show that this
weak value is same as the weak value of A as if Alice has
preselected in the state |ψi〉, postselected in the state |ψf 〉 and
performed the weak measurement on her system alone. Let us
calculate the transition amplitude 〈Ψfin|A|Ψin〉 in the above
equation for the observable A. This is given by
〈Ψfin|A|Ψin〉
=
[
12〈ψ−| ⊗ 3〈ψf |
][∑
n
an|an〉1〈an| ⊗ I23
][|ψi〉1 ⊗ |ψ−〉23
]
=
∑
n
an
[
12〈ψ−|3〈ψf |
] · [|an〉1 ⊗ |ψ−〉23
]
1〈an|ψi〉1
=
∑
n
an
[
12〈ψ−|3〈ψf |
] · 1
2
[ 4∑
i=1
|Bi〉12 ⊗ Ui|an〉3
]
1〈an|ψi〉1
= −1
2
∑
n
an〈ψf |an〉〈an|ψi〉 = −1
2
〈ψf |A|ψi〉. (6)
In the above we have used the fact that |an〉1⊗ |ψ−〉23 can be
written as
|an〉1 ⊗ |ψ−〉23 = 1
2
4∑
i=1
|Bi〉12 ⊗ Ui|an〉3, (7)
where |B1〉 = |φ+〉 = 1√2 (|00〉 + |11〉), |B2〉 = |φ−〉 =
1√
2
(|00〉−|11〉), |B3〉 = |ψ+〉 = 1√2 (|01〉+|10〉), and |B4〉 =
|ψ−〉 = 1√
2
(|01〉 − |10〉). The Ui’s are the unitary matrices,
i.e., U1 = −σzσx, U2 = σx, U3 = −σz, and U4 = −I .
Now, the overlap between the pre and postselected states is
given as 〈Ψfin|Ψin〉 = − 12 〈ψf |ψi〉. Therefore, we have the
desired weak value f 〈A〉iw = 〈ψf |A|ψi〉〈ψf |ψi〉 which will be seen as
a shift of the pointer of the apparatus at Alice’s lab.
Thus, by sharing an EPR pair and with remotely prese-
lected and postselected quantum systems Alice can measure
weak value of an observable of the quantum system. This also
shows that the apparatus state is indeed affected by the remote
postselection. One may wonder, is it that the sharing of maxi-
mally entangled state did some magic? In fact, one can show
that if Alice and Bob share a general pure entangled state then
with a suitable choice of the remote preselected and the post-
selected states, the pointer of the apparatus is shifted by the
weak value of the observable.
Let us consider the situation where Alice and Bob share
a non-maximally pure entangled state. Now the preselected
state for Alice and Bob is given by
|Ψin〉123 = |ψi〉1 ⊗ |φ+n 〉23, (8)
where |φ+n 〉 = 1√1+|n|2 (|00〉 + n|11〉) is a general non-
maximally pure entangled state shared between Alice and Bob
[42, 43]. Let Alice makes a weak measurement of the observ-
able by attaching an apparatus to the system qubit. Under the
action of the interaction Hamiltonian, the system and the ap-
paratus evolve as
|ψi〉1 ⊗ |Φ〉a ⊗ |φ+n 〉23
→ e− i~ gA⊗Pa |ψi〉1 ⊗ |Φ〉a ⊗ |φ+n 〉23. (9)
After the system and apparatus interaction, Alice and Bob can
postselect their respective quantum systems in the state given
by
|Ψfin〉 = |φ−n 〉12 ⊗ (σz |ψf 〉3), (10)
using the normal strong measurements (local operations) and
classical communication. Now, let us calculate the transition
amplitude for the observable A which is given by
〈Ψfin|A|Ψin〉
=
[
12〈φ−n | ⊗ (3〈ψf |σz)
]
· [
∑
m
am|am〉1〈am| ⊗ I23
][|ψi〉1 ⊗ |φ+n 〉23
]
=
∑
m
am
[
12〈φ−n | ⊗ (3〈ψf |σz)
] · [|am〉1 ⊗ |φ+n 〉23
]
1〈am|ψi〉1
3=
∑
m
am
[
12〈φ−n | ⊗ (3〈ψf |σz)
]
·N2
[ 4∑
i=1
|B˜i〉12 ⊗ |a(i)m 〉3
]
1〈am|ψi〉1
=
∑
m
amnN
2
3〈ψf |am〉31〈am|ψi〉1
= nN2〈ψf |A|ψi〉. (11)
Here, in the third line we have used the fact that [42, 43]
|am〉1 ⊗ |φ+n 〉23 = N2
4∑
i=1
|B˜i〉12 ⊗ |a(i)m 〉3, (12)
where N = 1√
1+|n|2 , |am〉 = (cm|0〉 + dm|1〉), |B˜1〉 =
|φ+n 〉 = N(|00〉 + n|11〉), |B˜2〉 = |φ−n 〉 = N(n∗|00〉 −
|11〉), |B˜3〉 = |ψ+n 〉 = N(|01〉+n∗|10〉), and |B˜4〉 = |ψ−n 〉 =
N(n|01〉 − |10〉). The states |a(i)m 〉 are the non-normalized
states and are given by |a(1)m 〉 = (cm|0〉+dm|n|2|1〉), |a(2)m 〉 =
n(cm|0〉 − dm|1〉), |a(3)m 〉 = n(dm|0〉 + cm|1〉), and |a(4)m 〉 =
(−dm|0〉 + cm|n|2|1〉). The overlap between the pre and
postselected states is given by 〈Ψfin|Ψin〉 = nN2〈ψf |ψi〉.
Therefore, the weak value for the observable with remote pre
and postselection is given by f 〈A〉iw = 〈ψf |A|ψi〉〈ψf |ψi〉 .
This shows that even though Bob has postselected his par-
ticle in the state σz |ψf 〉 at a remote location, the effect is as if
Alice has done postselection of her particle in the state |ψf 〉.
One may wonder how the preselection and postselection at
remote locations have an effect on the pointer state of the
apparatus? It is the quantum entanglement that provides an
invisible link between the past and the future. One can un-
derstand this by saying that a part of the contribution to the
amplitude of the weak value comes from the Hilbert space H1
and other part to the amplitude comes from the Hilbert space
H3. This is possible because of the existence of the shared
entanglement between Alice and Bob. Thus, the contribution
to the weak value ofA indeed comes from the past and the fu-
ture (not only from a future time but also from a future space,
possibly).
As a simple application, one can measure the transition am-
plitude and transition probability with remote pre and postse-
lections. To measure transition probability with remote post-
selection, let us imagine that Alice and Bob are at two dif-
ferent locations and they share a maximally entangled state.
Alice has a quantum system prepared in the state |ψ〉1. She
would like to perform a weak measurement on her particle
and measure a weak value so as to find the transition prob-
ability between two non-orthogonal states |ψ〉 and |φ〉, i.e.,
|〈ψ|φ〉|2 without causing too much disturbance to the quan-
tum system. From the above expression, we can see that for
the special choices A = |φ〉〈φ| and |ψf 〉 = |ψ〉, we have
f 〈A〉iw = |〈φ|ψ〉|2.
Weak value for mixed states with remote postselection.–
The protocol for the weak measurement with remote pre and
postselections can be generalized to mixed quantum states.
Let Alice and Bob share a pure maximally entangled state.
Let the initial preselected state is given by
χin = ρ
i
1 ⊗ |ψ−〉23〈ψ−|, (13)
where ρi1 =
∑
l pl|l〉1〈l| is the density matrix for Alice’s
qubit. Now Alice carries out a weak measurement by cou-
pling the system observable to an apparatus observable with
the interaction Hamiltonian. After the interaction between the
system and the apparatus, Alice and Bob can postselect (via
LOCC) the whole system in the state given by
χfin = |ψ−〉12〈ψ−| ⊗ ρf3 , (14)
where ρf =
∑
j,k qjk|j〉〈k|. After the weak measurement the
shift in the pointer of the apparatus at Alice’s lab is given by
the weak value of the observableA [11]
f 〈A〉iw =
Tr123
[
χfinAχin
]
Tr123
[
χfinχin
] . (15)
What we will show is that, this weak value is indeed given by
f 〈A〉iw = Tr[ρ
fAρi]
Tr[ρfρi]
(16)
as if the preselection and postselection have been done with
ρi and ρf , respectively in Alice’s lab, even though the postse-
lection has been done by Bob at a remote location.
To show this explicitly, we calculate Tr123
[
χfinAχin
]
.
This is given by
Tr123
[
χfinAχin
]
= Tr123
{ ∑
l,j,k,n
plqjkan〈an|l〉
· [|ψ−〉12〈ψ−| ⊗ |j〉3〈k|
][|an〉1〈l| ⊗ |ψ−〉23〈ψ−|
]}
=
1
4
Tr3
{ ∑
l,j,k,n
plqjkan〈an|l〉〈k|an〉|j〉3〈l|
}
=
1
4
∑
l,k
plqlk〈k|A|l〉 = 1
4
Tr[ρfAρi]. (17)
Now the denominator is given by Tr123
[
χfinχin
]
=
1
4Tr[ρ
fρi]. Therefore, we have the weak value of A for the
mixed pre and postselected states as
f 〈A〉iw = Tr[ρfAρ
i]
Tr[ρfρi]
. (18)
This shows that the weak measurement of an observable A
with remote pre and postselections in the states χin and χfin
is equivalent to the weak measurement ofAwith pre and post-
selections in the state ρi and ρf , respectively. Thus, if Al-
ice and Bob share a pure maximally entangled state and Bob
can postselect in ρf , Alice’s apparatus will be shifted by an
amount equal to the weak value of the observable.
Our result shows that by sharing a pure entangled state and
suitably choosing the remote pre and postselected ensemble
4via LOCC one can also measure the weak value in distant lab-
oratory paradigm. This can possibly have multitude of rami-
fications in quantum mechanics, quantum information, quan-
tum metrology and other areas of physics. For example, one
can directly measure the expectation value of any observable
without causing the collapse of the quantum state and having
control over a remote location. By gently or weakly measur-
ing the quantum system in a way that is prescribed by the for-
malism of the weak measurement and following our protocol
of preparing the pre and postselected ensembles at remote lo-
cations, one can read out the expectation value from the shift
of the meter of the apparatus.
Weak values with remote postselection and shared mixed
entangled state– Now, we raise a question that if Alice and
Bob share a mixed entangled state, can remote postselection
at Bob’s lab still yield a weak value for Alice in her lab? We
will show that in this case the weak value is contaminated by
an admixture of the average value of the observable. Let Alice
and Bob share an arbitrary bipartite quantum state ξ23 which
can be a noisy entangled state. Let the composite system of
Alice and Bob be in the initial preselected state as given by
ρin123 = ρ
i
1 ⊗ ξ23, (19)
where ρi is a general qubit density matrix. Now Alice per-
forms a weak measurement of observable A on her system 1,
conditioned on the postselections done by Alice and Bob (via
LOCC) at remote locations in the state
ρ
fin
123 = |ψ−〉12〈ψ−| ⊗ ρf3 , (20)
where ρf =
∑
k bk|bk〉〈bk|. As a result of the weak measure-
ment the shift in the pointer of the apparatus is given by the
weak value of the observable
f 〈A〉iw = Tr123[ρ
finAρin]
Tr123[ρfinρin]
. (21)
The numerator of the above equation is given by
Tr123[ρ
finAρin]
= Tr123
[{|ψ−〉12〈ψ−| ⊗ ρf3}{(Aρi)1 ⊗ ξ23}
]
=
1
4
Tr123
∑
m,n
[
Vmρ
f
1V
†
n (Aρ
i)1 ⊗ |Bm〉23〈Bn|ξ23
]
=
1
4
∑
m,n
Tr[Vmρ
fV †nAρ
i]〈Bn|ξ|Bm〉, (22)
where Vm’s are appropriate unitaries (in terms of the Pauli
matrices). Similarly, the denominator is given by
Tr123[ρ
finρin] =
1
4
∑
m,n
Tr[Vmρ
fV †nρ
i]〈Bn|ξ|Bm〉. (23)
Therefore, the weak value is given by
f 〈A〉iw =
∑
m,nTr[Vmρ
fV †nAρ
i]ξnm∑
m,nTr[Vmρ
fV
†
nρi]ξnm
, (24)
where ξnm = 〈Bn|ξ|Bm〉 are the matrix elements of the noisy
entangled state in the Bell basis. Note that this is not equal to
the desired weak value that Alice would have measured as a
shift of the pointer of the apparatus. This shows that if Alice
and Bob share a noisy entangled state, then it is not possible
to measure weak value with remote postselection. However,
if ξ23 = |Bk〉23〈Bk| is one of the Bell states, then we have
f 〈A〉iw = Tr[ρ
fAρi]
Tr[ρfρi]
. Thus, sharing of a pure maximally en-
tangled state is sufficient to reproduce the weak value in re-
mote pre and postselection scenario.
Now, we will see how the weak value is modified if Alice
and Bob share a pseudo-pure entangled state. Let us consider
the initially shared entangled state to be a pseudo pure entan-
gled state as given by the Werner state
ξ23 = p|ψ−〉23〈ψ−|+ (1 − p)
4
I23. (25)
Using (24), the weak value of the observable A is given by
f 〈A〉iw =
(1+3p)
4 Tr[ρ
fAρi] + (1−p)4 Q(A)
f
i
(1+3p)
4 Tr[ρ
fρi] + (1−p)4 Q(I)
f
i
, (26)
where Q(A)fi =
∑3
m=1Tr[ρ
fV †mAρ
iVm]. By using the fact
that
∑4
m=1 Vmρ
fV †m = 2I , we have Q(A)
f
i = 2Tr[Aρ
i] −
Tr[ρfAρi] and Q(I)fi = 2 − Tr[ρfρi]. Therefore, we have
the weak value for the observable with sharing of pseudo pure
entangled state as
f 〈A〉iw =
pTr[ρfAρi] + (1−p)2 Tr[Aρ
i]
pTr[ρfρi] + (1−p)2
. (27)
In this case, the shift in the pointer of the apparatus is an ad-
mixture of the ideal weak value and the average value of the
operator in the initial state. We note from the above equation
that if Alice and Bob share a maximally pure entangled state,
i.e., p = 1, we can have the ideal weak value of A as if Al-
ice has preselected and postselected her system in the states
ρi and ρf , respectively. Also,we can check that if we demand
that the above weak value is equal to the ideal weak value,
then p = 1. Thus, Alice will recover the weak value of the
observable with the help of the remote postselection by Bob
when they share a pure maximally entangled state.
Conclusion.– To conclude, we have raised a fundamental
question in this paper: can preselected and postselected quan-
tum states at two remote locations shift the pointer of the
measuring apparatus at one location, so as to give the weak
value of an observable? We have shown that if two parties
share a pure entangled state, then at two distant locations they
can preselect and postselect using LOCC, leading to the weak
value of an observable at one location. This is vividly demon-
strated for remotely chosen pre and postselected mixed states
with prior sharing of a pure maximally entangled state. This
may provide a direct measurement of the weak value using the
weak measurement having a control over a remote location.
The use of entangled states and classical communication helps
5in preselection and postselection that sends information about
the state from the past to the future and from the future to the
past, respectively. The contribution to the weak value that ap-
pears as a shift in the apparatus state, comes seemingly from
the past and from the future. It seems that nature plays right
conspiracy to realize the weak value as a shift in the pointer
of the apparatus in Alice’s lab in the remotely chosen pre and
postselected quantum states. This shows another usefulness
of the pure maximally entangled state. In future, it will be
interesting to generalize the protocol for the continuous vari-
ables [44]. This proposal can have potential applications in
quantum information, measurement, quantum metrology and
quantum foundations. This may open up new avenues of ex-
plorations in performing various quantum tasks with weak
measurements under LOCC paradigm. Since quantum entan-
glement has already been distributed over long distances [45],
it is possible to implement our protocol with the current tech-
nology. This may lead to measurement of the weak value of
any observable with remote postselection over long distances.
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